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Steady-state external natural convection heat transfer from isothermal, vertically mounted rectangular fins is
modeled analytically. An integral technique is used to solve the governing equations. Compact relationships are
developed for the velocity and temperature profiles for the buoyancy-driven channel flow for the 1000 < Ra; < 4500
range. Comprehensive numerical and experimental studies are performed. The proposed analytical model is
successfully validated against the numerical data with the maximum relative differences of 9.8 and 3.5% for velocity
and temperature profiles, respectively. Also, new semianalytical local and average Nusselt numbers are reported as
functions of the Rayleigh number, temperature difference, and fin aspect ratio; and they are compared against the
experimental data with good accuracy of 1.6 % maximum relative difference.

Nomenclature
specific heat, J/kg - K

= energy, W

force, N

Grashof number; gBATs? /1?

gravitational acceleration, m/s>

fin height (length in z direction), m
convection heat transfer coefficient, W/m? K
thermal conductivity, W/mK

base plate length, m

fin length, m

momentum, (kg - m)/s

mass, kg

mass flow rate, kg/s

Nusselt number; is/k

electrical power, W

Prandtl number; v/a

heat flux per unit depth in z direction, W/m
heat transfer rate, W

Rayleigh number; gBATs? /va

temperature, K

fin thickness, m

nondimensional velocity; us/a

flow velocity in y direction, m/s

base plate width, m

nondimensional x, x /[

direction parallel to fin surface, m
nondimensional y; y/s

direction normal to fin surface, m

direction normal to x and y in Cartesian coordinate
thermal diffusivity, m? /s

coefficient of volume expansion, 1/K
temperature difference; T, — T,

aspect ratio of the channel; //s
nondimensional temperature; T, — T/T,, — T,
fluid dynamic viscosity, (N - s)/m?

= density, kg/m3
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T = shear stress per unit depth in z direction, N/m
Subscripts

C.V. = control volume

ED. = fully developed

N.C. = natural convection

Rad. = radiation

w = wall properties

00 = ambient properties

1. Introduction

FFICIENT thermal management of electronics, such as power-

electronics, light-emitting diodes (LEDs), and telecommunica-
tion devices, is essential for optimum performance and durability.
The rate of failures due to overheating nearly doubles with every
10°C increase above the operating temperature [1]. Considering the
increasing functionality and performance of electronic devices and
the ever increasing desire in miniaturization in the industry, thermal
management has become the limiting factor in the development of
such devices (e.g., power electronics [2,3], telecommunications [4],
and LEDs [5,6]), and reliable and low-cost methods of cooling are
required more and more. Consequently, electronics thermal man-
agement is of crucial importance, as is reflected in the market. The
thermal management technologies market was valued at $6.7 billion
in 2011 and reached $7 billion in 2012. The total market value is
expected to reach $10.1 billion in 2017 after increasing at a five year
compound annual growth rate of 7.6%. Thermal management hard-
ware, e.g., fans and heatsinks, accounts for about 84% of the total
market. Other cooling product segments, e.g., software, thermal in-
terface materials, and substrates, each account for between 4 to 6% of
the market [7].

Telecommunication devices are examples of electronic systems
that require efficient thermal management. More than 1% of global
total energy consumption, and 3% of U.S. energy consumption, in
2012 was used by telecommunication devices [8]. This is equal to
energy consumed by 15 million U.S. homes, with an equivalent CO2
emission of 29 million cars [9,10]. This value is predicted to increase
by 50% by 2017 [11]. About 28% of this energy is required for
cooling and thermal management of such systems [12].

Passive cooling is a widely preferred cooling method for electronic
and power electronic devices, since it is an economical, quiet, and a
reliable method. Moreover, natural convection, and other passive
cooling solutions, require no parasitic power, which make them more
attractive for sustainable and “green” systems. Integrating passive
cooling techniques with conventional cooling strategies in the tele-
communication industry can reduce the energy required for thermal
management from 28% of current total energy consumption to 15%
[13] in general, and 0% [14] in some cases. As such, passive cooling
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systems have attracted immense attention, especially in the re-
newable energy conversion systems and applications in which
efficiency is of major importance or applications where using a fan is
not essential or is impossible, e.g., hostile environments (contam-
inated air, vibrations, noise, or humidity).

Finned surfaces are widely used for the enhancement of heat
transfer [15,16]. Natural convective heat transfer form vertical rect-
angular fins is a well-established subject in the literature. Pioneering
analytical work in this area was carried out by Elenbaas [17]. He
investigated the isotheral finned heatsink semianalytically and
experimentally. His study resulted in general relations for an average
Nusselt number for vertical rectangular fins, which was not accurate
for small values of fin spacing. Churchill [18] and Churchill and Chu
[19] developed a general correlation for the average Nusselt number
for vertical channels using the theoretical and experimental results
reported by a number of authors. Bar-Cohen and Rohsenow [20]
also performed a semianalytical study to investigate the natural
convective heat transfer from two vertical parallel plates. They
developed a relationship for the average Nusselt number as a function
of the Rayleigh number for isothermal and isoflux plates. Bodoia and
Osterle [21] followed Elenbaas [17] and used a numerical approach to
investigate the developing flow in a vertical and the natural con-
vection heat transfer between symmetrically heated, isothermal
plates in an effort to predict the channel length required to achieve
fully developed flow as a function of the channel width and wall
temperature. Ofi and Hetherington [22] used a finite element method
to study the natural convective heat transfer from open vertical
channels. Culham et al. [23] also developed a numerical code to
simulate the free convective heat transfer from a vertical fin array.
Several experimental studies were carried out on this topic. Sparrow
and Acharya [24], Starner and McManus [25], Welling and
Wooldridge [26], Edward [27], Chaddock [28], Aihara [29-32],
Leung and Probert [33], Leung et al. [34-36], Leung and Probert
[37-39], and Van de Pol and Tierney [40] are some examples. These
studies were mostly focused on the effects of varying fin geometric
parameters, the array, and base plate orientation. Table 1 provides a
brief overview on the pertinent literature; more detailed reviews can
be found elsewhere, e.g., [41].

All the aforementioned studies reported average Nusselt numbers
for natural convective heat transfer from vertical rectangular fins;
however, to the best knowledge of the authors, velocity profile, tem-
perature profile, and the local Nusselt number for the channel are not
available in the literature. It should be mentioned that the velocity
profile has been reported for the special case of fully developed flow
inavery long channel [42]. An in-depth understanding of the velocity
and temperature profiles is needed for the development of next-
generation efficient cooling solutions. Complexities such as chimney
effect, coupled governing equations, etc., cause the finding of full

analytical solutions for the temperature and velocity domain to be
highly unlikely. As such, in this study, an integral technique is used to
present closed-form solutions for the velocity and temperature dis-
tributions in laminar natural convection inside a vertical channel
made by two neighboring fins.

II. Problem Statement

The main objective of this study is to develop a compact, analytical
model that can predict the natural convective heat transfer from a
squared array of vertically mounted, rectangular isothermal fins (see
Fig. 1). Figure lc schematically shows the front view of the con-
sidered geometry for two fins in the fin array. Due to symmetry, only
one channel can represent the entire fin array.

The assumptions used in this study are listed as follows: 1) steady-
state two-dimensional heat transfer and fluid flow (fins are assumed
long enough in the direction normal to the surface); 2) isothermal fins,
at T,; 3) constant thermophysical properties, except for the fluid
density; and 4) Boussinesq approximation for change of density as a
function of temperature [42].

It is assumed that the fin height in the z direction is large enough
that the effects of the base plate can be neglected and the problem can
be treated as a two-dimensional flow.

An integral technique is used to solve the governing equations
subjected to constant wall temperature boundary conditions. The
integral technique is a powerful analysis developed by Pohlhausen
and von Kdrman in the first decade of 20th century to obtain ap-
proximate solutions to complex problems [42]. It works based on the
principal that the general behaviors of the velocity and temperature
profiles are known. Assuming a profile for each, and satisfying
conservation of mass, momentum, and energy in a lumped fashion
across the region of interest, we can obtain velocity and temperature
profiles within an acceptable accuracy by satisfying the boundary
conditions. The conservation laws can be written for the control
volume shown in Fig. 1c. Table 2 summarizes the integral form of the
momentum and energy balance equations for the considered integral
control volume. To find more details about the methodology to obtain
the governing equations from the control volumes shown in Table 2,
readers are invited to see the Appendix. The conservation equations
are subjected to the following boundary conditions:

T
Aty = 0; 6u(x,0)=6 (x,O)=0 )
ay ay
s s
Aty =s5/2; M(X’E) =0 and T(x,i) =7, 2

Table1 Summary of pertinent literature on natural convective heat transfer from a vertical rectangular fin

Reference Method Ra Nu Highlights
28] Empirical Nu, = L Ra,(3) {1 — 125/ IRa(s/ lﬂ”“} Isothermal
. .. 0.387Ra)’® 2 .
[19] Analytical/empirical All Nu; = 10.825 + W} Isothermal isoflux
[27] Empirical 10*-10° NuL = 0.59Ra 1/4
[17] Analytical/empirical ~ 107'-10° Nuy, = % Ray[l - exp[ ]]3/ 4 Symmetric isothermal
[20] Analytical/empirical All Nug, = [(1?3) (0 R ,5)2] Symmetric isothermal

= (£ +
12 \? 1 27-0.5
(S/L)Ra‘) + (0.6]9(“/14 Ra, nzs) i|

s<50mm Nu, =6.7x10*Ra [1 — exp (7460)0'44]1'7

-0.5
0. 59R¢t“ 25

Asymmetric isothermal

Isothermal

=

Nug; = 0.135Ra%5 Ra < 250

Isothermal horizontal

Nu, = 0.54Ra%%
Small fin heights

Nu, = 0.423Ra%33 250 < Ra < 10

[28] Empirical/numerical
[24] Empirical
s > 50 mm
[39] Empirical Ra < 10°
Empirical Ra < 10°

Nu; = 0.144Ra%> Ra < 250

Nu, = 0.490Ra%333 250 < Ra < 10°
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Fig. 1 Representations of a) naturally cooled enclosure of a dc-dc
converter; b) schematic of the heat sink; and c) solution domain, selected
as the control volume representing the heat sink.

Atx =0 u(0,y) = uy(y) and T(0,y) =T, 3)

Asx—oo  u(x—=00,y)=upp (y) and T(x—=o0,y) =T, (4)

Equation (1) is concluded from the symmetry at the centerline of
the channel. The parameter 1, (y) represents the velocity profile at the
channel inlet and will be discussed later in Sec. IILA. It should be
noted that the velocity at the channel inlet cannot be zero, since the

velocity has a nonzero profile at the channel outlet and conservation
of mass implies that the velocity should have a nonzero profile in
the inlet.

III. Present Solution

The first step, before solving the governing equations, is to
determine the velocity profile at the inlet of the channel; x =0
[Eq. (1)]. The following section presents the details on how u(y) can
be obtained.

A. Entrance Velocity

To find the velocity profile at x = 0, conservation of mass can be
written for a control volume enclosing the entire domain between the
fins, as shown in Eq. (§). We assumed the channel is long enough so
that, at the outlet, velocity reaches its fully developed profile and the
fluid temperature will be equal to the wall temperature. Since the
cross-section area is constant and fluid enters the channel with the
ambient temperature, mass balance can be written as

Plr=r,urp.(y) = pootto(y) ()

Knowing the fully developed, velocity profile at the outlet of parallel
fins from [42],

ATs? 4y?
upp.(y) = gﬂ_s (1 - Lz) (6)

8v K

Equation (3) is the conservation of mass between the inlet and the
outlet of the channel. To find the density at the outlet that is assumed
to be at the wall temperature, Boussinesq approximation is used:

p(T) = poo[l _ﬂ(T - Tm)] (7)

Substituting T, for T in Eq. (7) and substituting the result in Eq. (5),
ugy(y) can be found as

Table 2 Integral form of conservation equations for the integral control volume:

Equation Schematic of C.V.

Terms description Conservation equation

/2
Mo, = 2pJ w’ (x, y)dy
0

s/2

—ju (., p)dy +
P

e

M.
buoyancy=p.g(s/2)dx T l g

Momentum l
dx

weight=m, g=pg(s/2) !
M,

x

s/2
Wiy =2 [ ' (x, y)dy
0

%(m J e

s/2

gB [ (T, »)~T,)dy

Ex »dv:(n‘/lcpnxwdx
g

Energy dx

E =2¢,p [ u(x,y)T(x,y)dy
0

s/2

[ e TGy

«— 9.9

E~(c,T),

By = 20,0 [uCe )T p)dy | e
0

a s/2
+—2e,p [ u(x, )T (x)dy)
Ox o

512

a

Note that the buoyancy and weight forces are written for the unit depth.
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®)

(1 — BAT)ATgps? 4y?
i) = EPEDRTE (1 —2)

12v s

Now, all the boundary conditions are known, and an integral
technique can be implemented to find the velocity and temperature
profiles in the channel, as will be discussed in the following section.

B. Integral Technique

A second-order polynomial in the y direction is assumed for both
the temperature and velocity profiles

u(x,y) = ar(x)y* + by (x)y + ¢, (x) ®

T(x,y) = ay(x)y* + by (x)y + c2(x) 10

Applying the boundary conditions in the y direction [Egs. (1) and (2)]
into Egs. (9) and (10), we will have

2
e = (57 =) (an

2
T(x.y) = §() (yZ —%) +7, (12)

Both f(x) and g(x) are unknown functions to be found, and they can
be interpreted as the velocity and temperature at the centerline of the
channel along the x direction. Physics of the flow and heat transfer
suggest that both velocity and temperature at the centerline would
increase rapidly at the beginning of the channel (developing region)
and approach an asymptotic value as the fluid moves along the x axis
(fully developed flow). Using the similarity solution technique for
buoyancy-driven flow, Sparrow and Gregg [43,44] showed the
temperature variation that gives rise to a similarity in the laminar
boundary-layer governing equations is either a power law or
exponential distributions. Similar assumptions have been made by
Gebhart et al. [45] and Jaluria and Gebhart [46] for solving natural
convection heat transfer equations in buoyancy-induced flow over an
adiabatic vertical surface and laminar natural convection plume
above a horizontal line heat source. Therefore, a general exponential
behavior can be assumed for f(x) and g(x) as follows:

f) = —%m ~ne) (13)

S2
gx) = — 7 (n—0e7 =T,) (14)

where m, n, p,n, 6, and y are constants that should be determined. The
coefficient (—s?) /4 in Egs. (13) and (14) and T, in Eq. (14) are added
for convenience and have no effect on the generality of the solution.
Having Eq. (8), substituting Eqs. (13) and (14) into Egs. (11) and
(12), and applying the boundary conditions in the x direction, the
parameters m, n, 7, and 6 will be determined as follows:

1 gfATs?

1 gfAAT? s>
"= §gﬁf (16)
n="T, (17)
§=AT (18)

Table 3 Nondimensional

parameters
Parameter Description
X x/1
Y yv/s
U us/a
0 (Tw - T)/(Ta - Too)
e l/s
Pr via
Gry g-p- AT/
Rag GrgPr

Substituting the preceding calculated constants in Eqgs. (11) and
(12), and solving the integrated energy and momentum equations
(Table 1), the two remaining constants, p and y, can be obtained.
After some mathematical manipulations, the velocity and temper-
ature domain can be determined in the form of Eqgs. (19) and (20):

AT ) 2
u(x,y) — giy (ﬁATe—(4OV(3ﬂAT2—4AT)x/g/3-s“AT3(1—/5AT)) _ 1)

2
x (y2 —SZ) (19)

4AT

2
T(x.y) = = 5o (0mx/ /AT (1paT) (y2 - %) +T,  (0)

Equations (19) and (20) can be presented in a more compact form,
after nondimensionalizing, by introducing the dimensionless param-
eters shown in Table 3.

Using dimensionless parameters, the velocity and temperature
distribution inside the channel can be presented as

4
21
X (Y 4) 1)

— 10— (L
o(x, Y)—4exp( 120Ral\v(1—ﬁAT)) (Y 4) (22)

IV. Numerical Study

To validate the present analytical model, an independent two-
dimensional numerical model of the problem is developed in the
commercially available software package ANSYS FLUENT 14.0. To
couple the momentum and energy equations and add the buoyancy
effects to the simulation, Boussinesq approximation is imposed to the
air density behavior as a function of temperature, and gravity effect
is added to the domain as body force in the negative y direction.
Figure 2a shows a schematic of the domain considered for the
numerical simulation, along with the boundary conditions assumed
for the channel. The pressure inlet, p = 1 atm, and constant tem-
perature, T = T, are applied at the bottom of the domain as the
boundary condition. For the top of the domain, the pressure outlet
boundary condition is applied, which imposes the pressure to be
1 atm. A no-slip isothermal solid surface (u =0 and T =T,) is
considered for the channel wall, and the symmetry boundary
condition is assumed for the centerline, which imposes no mo-
mentum and heat transfer, in the direction normal to the boundary.
The parameters chosen for the benchmark case are shown in Table 4.

To ensure a mesh-independent solution, different grid sizes were
tested and the total heat transfer rate from the fins was chosen as a
monitoring parameter. Figure 3 shows the mesh-independency
analysis for the benchmark case. For the mesh number of approx-
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Fig. 2 Representations of a) numerical domain and boundary conditions, b) grid, c) velocity, and d) temperature domain for the benchmark case.

imately 900, we found that the simulation gives approximately 0.85%
deviation in the average heat transfer rate from walls as compared to
the simulation with a mesh number of 3000, whereas for the number
of elements less than 900, the model does not converge to a
reasonable solution. The relative deviations for the average wall heat
flux are 0.20, 0.05, 0.02, 0.01, and 0.00% for 10,000, 20,000, 30,000,
40,000, and 50,000 number of elements, respectively. As a result,
40,000 elements are chosen for numerical simulations, as shown in
Fig. 2b. The maximum skewness, calculated based on the equilateral
volume method, is 0.21, which assured high quality of the grid. A
finer mesh size is applied near the walls to resolve the boundary layer
more accurately (see Fig. 2b). Samples of the velocity and tem-
perature domains are shown as results of the numerical studies in
Figs. 2¢c and 2d.

V. Experimental Study

A custom-made testbed was designed and built in order to validate
the results from the integral solution and the numerical simulations.
Five samples with variations in fin spacing were prepared, and a
series of tests with different surface temperatures were conducted.

A. Testbed

A custom-made testbed was designed for measuring natural
convection heat transfer from the finned heat sinks, as shown in
Fig. 4. The setup included an enclosure made of polymethyl
methacrylate (also known as Plexiglas), which is insulated by a layer
of foam with a thickness of 15 mm. The testbed also included 20-cm-
long 150 W Chromalox strip heaters, which were attached to the
backside of the fins base plate, and a data acquisition (DAQ) system,
supplied by National Instruments. High-conductive thermal paste
provided by Omega was used to decrease the thermal contact resis-
tance between the heater and the sample base plate. The voltage and
the current of the supplied power were measured with an Agilent
34405A digital multimeter.

Table4 Parameters used for the numerical
simulation benchmark

Parameter Description Value  Unit
l Wall length 10 cm
s Wall spacing 8 mm
T Ambient temperature 20 °C
T, Wall temperature 60 °C
Ra, Rayleigh number 1.7x108 —

256

2555
°

N
G
Q

2545

2535

Average Wall Heat Flux [W/m?]
5 5
w -

2525} ° . . . .

252

0 10000 20000 30000 40000 50000 60000 70000
Number of Elements

Fig.3 Grid-independency study for the benchmark case (see Table 4).

Five samples with the same base plate size and different fin spacing
and fin height, as shown in Table 5, were prepared.

B. Uncertainty Analysis

Voltage V and current [ are the electrical parameters measured in
our experiments, from which the input power Pj,,,; can be calculated.
The total accuracy in the measurements is evaluated based on the
accuracy of the employed instruments. The maximum uncertainty for
the measurements can be obtained using the uncertainty concept
provided in [47]. To calculate the uncertainty with the experimental
measurements, the following relation is used [47]:

271/2
@] e

1

where wy, is the uncertainty in results, R(xy, x,, ...x,); and w; is the
uncertainty of the independent variable x;. The final form of the
uncertainty for the input power becomes

Pippu[W] = VI (24)

5Pin u 2 7\ 271/2
=) - (7)] &
Pinput 14 1
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Fins

30 cm
<4——1— Heater
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° °
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b)

Fig.4 Representations of a) schematic of the testbed; b) samples dimensions, heater, and thermocouple positioning; c) testbed casing and insulation; and

d) photograph of the testbed.

5QRad__ 6T, \? ST\ (81\2 (SH\2 (&\2]/2
Ora. =[(7) )+ () () + (7))

(26)

On W] = Pipu + Ok @7
_hs _Ones

Nus=="AT % 28

Substituting the values for V, I, T, T, [, H, and ¢, respectively, into
Egs. (25) and (26), the maximum uncertainty value for Nu; is

Table 5 Dimensions of the finned
plate samples-

Sampleno. s,mm N H,mm [, mm

9.5 8 17 300
60 12 17 300
140 6 17 300
9.5 8 10 300
9.5 8 25 300

[ SRR OV S

“Note that the base plate width is similar in all
samples; W = 101 mm.

calculated to be 4%. The measured temperature uncertainty A7 is 1°
C, which is twice the accuracy of the thermocouples. The calculated
uncertainties for Nu; is reported as error bars in the experimental
results.

VI. Results and Discussions

Figure 5 shows the comparison between the numerical results and
the present analytical solution [Egs. (21) and (22)] for the velocity
and temperature distributions at different cross sections along the
channel in the x direction. As shown, at the entrance of the channel,
because of a sudden jump in temperature and velocity in the y
direction due to the effects of wall, the integral technique cannot
precisely predict the temperature and velocity profiles. This is an
expected shortcoming of the integral technique, and it happens
because we use continuous functions (second order polynomials) for
both temperature and velocity distributions over the entire domain
and these profiles cannot completely conform to the sudden changes
in the flow characteristics at the entrance region. However, the
agreement between the numerical data and the analytical model
improves further away from the entrance region. Neglecting the
entrance of the channel, x > 0.01(Ra,/¢) [48], the maximum relative
differences for the velocity and temperature distribution between the
present solution and the numerical simulation are 9.8 and 3.5%,
respectively.
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Fig. 5 Comparison between the present solutions (lines): a) velocity, and b) temperature distribution and numerical results (symbols) at various cross

sections along the channel.

Local and average Nusselt numbers can be also calculated based
on the temperature distribution obtained from the proposed analytical
solution; Eq. (22). Equations (29) and (30) show the local and average
Nusselt numbers for laminar natural convective heat transfer between
two parallel plates as a function of the Rayleigh number; temperature
difference; and the channel aspect ratio, ¢ = [/s:

h(X)s
=

Nuy(X) = 4 exp (—180 29)

eX
Rag (1 - ﬂAT))

Ra,(l—/}AT)
4 Ra
Nu, :E:——[l —exp(—lSO;)]

k14 € Ra,(1-pAT)
(30)

Figure 6 shows a comparison between the proposed average Nusselt
number, [Eq. (24)] and the semiempirical results from Elenbaas [17]
and Bar-Cohen and Rohsenow [49] for 1000 < Ra, < 4500. As can
be seen, for the mentioned Rayleigh numbers, there is a reasonable
agreement between the present solution and the existing correlations
in the literature with a maximum relative difference of 6%. The
maximum relative different between the present semianalytical
relationship for the Nusselt number and our experimental data is

1.6%. For higher Rayleigh numbers (Ra, > 4500), as shown by
Vorayos [48], the flow regime is similar to forced convection. In spite
of being initiated by different mechanisms, the physics of the flow in
the fully developed region is independent of how the flow is driven.
Although, in the case of natural convection, the flow is buoyancy
driven, due to the chimney effect, its behavior becomes similar to
laminar forced convection [48].

VII. Conclusions

A new analytical solution for steady-state natural convection from
isothermal parallel plates was presented. New, compact semi-
analytical relationships were developed for velocity and temperature
distributions for the buoyancy-driven channel flow. An integral
method was used in combination with a power law assumption for the
present analytical solution. An independent numerical simulation
was performed using the commercially available software ANSYS
FLUENT for validation purposes. A custom-made testbed was built,
and five different aluminum heat sinks were prepare and tested to
validate the numerical and semianalytical results. The proposed local
temperature and velocity profile were compared with the numerical
simulations, and good agreement was observed. For the first time, a
semianalytical, compact and accurate model was proposed for the
local and average Nusselt numbers in natural convection channel
flow and successfully validated by experimental data.
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s

Fig.6 Comparison between the present average Nusselt number, the existing semiempirical relations in the literature [17,49], and our experimental data.

Appendix: Integral Method for Natural Convection

In this appendix, the integral method for natural convection heat
transfer is explained. The goal of this section is to clarify the meth-
odology to obtain the governing equations from the control volumes
shown in Table 2. The problem here is explained for a general case;
however, extending the introduced equation here to the governing
equations of Table 2 is straightforward.

Consider a boundary-layer flow driven by buoyancy forces orig-
inating from density variations in a fluid.

The integral conservation equations can be obtained by directly
integrating the governing equations term by term across the control

u, =0

volume. Here, we start from first principles and perform mass, 10
momentum, and energy balances on the integral control volume
shown in Fig. Al:

Conservation of mass (see Fig. A2):

. . d . s
Mip = Moy = a(mCV) m, = / pu dy
- 0

d d 3
Mgy = W, + 5(;@) dx ..dm= o |:/(; pu dy]dx

T, =T,(x)
T, > T, (shown here)

0y

Fig. A1 Integral method

integral
control
volume

. dR
sin ¢ = o

for free convection.
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| PSRN A
T drm

(entrainment)

N\

Fig. A2 Conservation of mass in control volume.

Conservation of x momentum (see Fig. A3):

. . d
Z Fx + Mx.in - 7‘71,'(.out = a (Mx.CV)

=0

5 S 5
A pedy— A Dyrdx dy = A P&y dx dy = buoyancy force

Thus, the x-momentum balance becomes

5 5 . .
(—deX)JrL pmgxdxdy—A pg.dxdy + M, — M,

2 .
-5 (MA) dx=0
0X —~—
= [? pu? dy

Using po, —p = pB(T — T,), we obtain

) 5
3[/ u2dy]:ﬁgx[’(T—Tm)dy—T—'”
dx | Jo 0 P

where the integration limits have been set, keeping in mind thatu = 0
fory > §and T = T, for y > &7, and the shear stress at the wall can
be defined as

du
Ty = _’u()_y

y=0
Conservation of energy:
. . d
Ein - Eout = E(ECV)
——

=0

The dominant terms relevant to the energy balance are shown in
Fig. A4. Consistent with the usual boundary-layer approximations,
heat conduction in the x direction is neglected:

. 5(x)

g xl M, buoyancy = L 0.8 dxdy

W

T .dxl E My u,dm =0 (because u, = 0)

= weight of the element

Fig. A3 Conservation of momentum in a control volume. Note that z,, is
per unit dept in the z direction.

gdx —

u_,=0

n6) 7.()

Fig. A4 Conservation of energy in control volume. Note that ¢, is per
unit dept in the z direction.

., d g d or
q. dx + CpTooa [L pu dy]dx 4 |:/(; pucpTdyi|dx =0

which can be rearranged to
d [min@G57) dT g w
— ' u(T —Ty)dy + | == / udyzq—u
dx Jo dx 0 PCp

where the heat flux at the wall can be defined as

oT
&,v/ = _k[)_
Y ly=0
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